The Hessian of the entropy function can be thought of as a metric tensor on state space. In the context of thermodynamical fluctuation theory Ruppeiner has argued that the Riemannian geometry of this metric gives insight into the underlying statistical mechanical system; the claim is supported by numerous examples. We study these geometries for some families of black holes and find that the Ruppeiner geometry is flat for Reissner-Nordström black holes in any dimension, while curvature singularities occur for the Kerr black holes. Kerr black holes have instead flat Weinhold curvature.
We are here not studying the spacetimes of black holes as such. Instead we examine entropy S(M, Q, J) or mass M (S, Q, J), where Q is charge and J angular momentum. The Ruppeiner metric [1] is the Hessian of negative entropy: g R ij = −∂ i ∂ j S(M, N a ) while the Weinhold metric [2] is the Hessian of M : g W ij = ∂ i ∂ j M (S, N a ). The two metrics are conformally related ds 2 = g R ij dM i dM j = 1 T g W ij dS i dS j where M i = (M, N a ), S i = (S, N a ) and T = ∂M ∂S is the temperature.
The Reissner-Nordström black hole
The event horizon is given by
where r is chosen so that the area of a sphere at constant r equals 4πr 2 . There are two roots r + and r − . We find that M =
The entropy is S = k 4 A = kπr 2 + = r 2 + , and we set k = 1/π. Solving
S . In its natural coordinates the Weinhold metric becomes [3] 
Introducing new coordinate u = Q √ S ; −1 ≤ u ≤ 1 we now find that 1 ja@physto.se 2 narit@physto.se
In these coordinates the Ruppeiner metric is given by
This metric is flat! To see this introduce new coordinates τ = √ 2S, sin
= u. The Ruppeiner metric now takes Rindler form ds 2 R = −dτ 2 + τ 2 dχ 2 , τ and χ are Rindler coordinates on the forward light cone in Minkowski space. In Fig. 1 we use the inertial coordinates t = τ cosh χ, x = τ sinh χ. 
Kerr black hole, spacetime dimension d
In higher dimensional spacetimes there can be more than one angular momentum. For the Kerr black hole with a single nonzero spin we obtain the event horizon from [5] 
The area of the event horizon is given by
where Ω d is the area of the unit d-sphere. The ADM mass of the hole is defined by µ = Explicit S in arbitrary dimension cannot be obtained, but we can work via the Weinhold metric. The mass is
.
The Weinhold metric
Kerr black hole is found to be flat! In a diagonal form [6] : ≈ 0.9069. Remarkably, the wedge of the d ≥ 6 Kerr black hole fills the entire light cone. This is because for black holes in d ≥ 6 there are no extremal limits.
In any dimension, we obtain the Ruppeiner metric from the Weinhold metric using the conformal relation. It is a curved metric with the curvature scalar
In d = 4 the curvature scalar diverges along the curve 4J 2 = S 2 . In d = 5 the curvature is reduced to R = − 1 S which diverges in the extremal limit of the d = 5 Kerr black hole. For d ≥ 6 we have a curvature blow-up but not in the limit of extremal black hole, rather at 4J 2 = d−3 d−5 S 2 . This is where Emparan and Myers [7] suggest that the Kerr black hole becomes unstable and changes its behavior to be like a black membrane.
Note that in d = 5 for some values of the parameters, there exist "black ring" solutions [8] whose entropy is larger than that of the black hole studied in our papers. A careful observation of curvature scalar R = − 1 S indicates that nothing special happens to the Gibbs surface of the Kerr black hole a la Myers-Perry.
Our flatness theorem
We can now state a small theorem, namely: If ψ(x, y) = x a f (y/x) then the information metric is flat [9] . The converse does not hold. The most straightforward way to prove the theorem is to change to the new coordinates ψ = x a f (x b y), and σ = x b y. An explicit calculation shows that
This is diagonal if b = −1. If we introduce the new coordinate r = √ ψ it is also manifestly a flat metric, and it covers a wedge shaped region. Given the function f we can reparametrize σ so that we end up with polar coordinates, or Rindler coordinates if the metric is Lorentzian, and read off the opening angle of the wedge. Anyway the small theorem is proved. There is an exception if b = −1 and a = 1, since then the metric is degenerate.
We can restate our small theorem in thermodynamical language: This theorem is now helping us treating other sorts of black holes as e.g. dilaton black holes, see [10, 11] and forthcoming papers.
For computer algebra calculations we used GRTENSOR for MAPLE and CLASSI. 
